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Exercise 5

Do the same for 27¢/l < r < 4mwe/l.

Solution
The PDE we have to solve is
U = gy —Tup for 0 <z <1
subject to the boundary conditions,
u(0,t) =0 and wu(l,t) =0,
and the initial conditions,
u(z,0) = ¢(xr) and u(z,0) = P(x).

Because the PDE and its boundary conditions are linear and homogeneous, the method of
separation of variables can be applied to solve it. Assume a product solution of the form,
u(z,t) = X(x)T(t), and plug it into the PDE

U = gy — Ty —  XT' =EX"T —rXT'

and the boundary conditions.

Separate variables now.
TI/ + TT/ X//
XT// XT/ — QX//T _
+r c 2T e
Note that ¢? is a constant and can go on either side. The final answer will be the same regardless.
We have a function of ¢ on the left side and a function of z on the right side. The only way both
functions can be equal is if they are equal to a constant.

Tl/ + T'T/ Xl/
2T B X -
Values of k for which X (0) = 0 and X (I) = 0 are satisfied are called the eigenvalues, and the
nontrivial functions X (z) associated with them are called the eigenfunctions.

k

Determination of Positive Eigenvalues: k = ;?

Assuming k is positive, the differential equation for X becomes

X//
X =
Multiply both sides by X.
X" — /‘2 X
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The general solution can be written in terms of hyperbolic sine and hyperbolic cosine.
X (z) = C4 cosh px + Co sinh px
Now use the boundary conditions to determine Cy and Cs.

X(0)=Cy =0
X(l) =Cjcoshul + Cysinhpul =0

We see that C; = 0 and C2 = 0. Hence, only the trivial solution X (z) = 0 results from
considering positive values for k, and there are no positive eigenvalues.

Determination of the Zero Eigenvalue: k£ =0

Assuming k is zero, the differential equation for X becomes

X//

x =Y
Multiply both sides by X.

X"=0

The general solution is a linear function.
X(z) =Csz+ Cy
Now use the boundary conditions to determine C'5 and Cjy.

X(0)=Cy=0
X()=Csl+Cy=0

We see that C3 = 0 and C4 = 0. Hence, only the trivial solution X (z) = 0 results from
considering k = 0, and zero is not an eigenvalue.

Determination of Negative Eigenvalues: k = —\?

Assuming k is negative, the differential equation for X becomes

Xl/
=\
X
Multiply both sides by X.
X" =-NX

The general solution can be written in terms of sine and cosine.
X (x) = C5 cos Az + Cg sin A\x
Now use the boundary conditions to determine C5 and Cj.
X(0)=Cs=0
X () =Cscos Al 4+ Cgsin A\l =0
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The second equation simplifies to Cgsin Al = 0. To avoid getting the trivial solution, we insist

that Cg # 0. Doing so yields an equation for the eigenvalues.
sin A\l =0

Solve for Al.
AM=nmt, n=12,...

So then

The eigenfunctions associated with these eigenvalues are
X(x)=Cgsin\z — Xp(z)=sinlz, n=12,....
Now solve the differential equation for 7'(¢).

T"+0T
—er =

Multiply both sides by ¢T.
T" + 7T = —AN*T

Bring ¢?\?T to the left side.
T" +rT' + ANT =0
This is an ODE with constant coefficients, so its solution is of the form
T = €.
Substitute this into the ODE to determine s.
s2e8t 4 rse’t 4 A%t = 0
Divide both sides by €.
P 4+rs+AN2=0

This is a quadratic equation for s, so use the quadratic formula to solve for it.

—r £ V72 —4c2)\2

S =

2
Now substitute A = nn/I.
2
. —r 44 /r2 — 4c? (%)
N 2
27c\ 2
- —r+4/r2 —n? (TC)
2

Since 2mc/l < r < 4me/l, the quantity under the square root is positive when n = 1 and negative

when n > 2. Hence, there are two cases to consider.

ek e ()

n=1
s = 2 :
—r 4 /r2 = 2 (2mc
VARLICOR
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In the second expression factor out —1 and bring it out of the square root as ¢. Now the square
roots yield real numbers in both cases.

D)
iy ()
n=1
5= 2 .
—r +iy/n2 (ZL)T — 2
BT
r 72 TN 2
N _,
3 27 Va T "
5 2
k—fiz nQ(%) _TZ n>2
( r2{2 — 472c2 )
— - @ n =
)2 20
_gii,/4n27r22c;_r252 oo

Thus, the general solution to the ODE for T is

NI Ny rr
C7exp[<_;+r2[” |+ oo | (-1 - LEE AR -
T = r VAn2m2c2 — r2]2 r VAaAn2m2c?2 — r2]2 .
Cyexp (_it) cos 57 t |+ Cioexp (—ﬂf) sin 57 t n>2

According to the principle of linear superposition, the solution to the PDE for u(x,t) is a linear
combination of all products T,,(¢) X,,(x) over all the eigenvalues.

V22 — dn2c2 V122 — An2c2
u(:z:,t):{AleXp [(—;—}—M t| + Biexp —g—M ¢ $sin T8

21 21 l
> VAn2m2c2 — 1212
+Z Anexp(rt)cos< n7r2cl rl t
n=2
4B (—ft) ) VAn2m2c? _T2l2t . nmx
n €XP 5 sin 57 sin 5

Therefore,

u(x,t) = exp (—gt)

V22 — 4n22 V22— dn22
Alexp<rl Wct—I—Blexp—Tl 7rct . T

21 21 ST
00 VA2 — r22 An2nlc? — 122
+7;2exp (—gt) A,, cos ( n 7r2cl ! t) + B, sin ( n 7r20l ! t )| sin ?

The final task is to use Fourier’s method to express the coefficients, Ay, By, A,, and B,,, in terms
of the provided initial data, ¢(z) and ¥ (x).

™

u(z,0) = (A1 + By) SinE + ZA” Sinn— = ¢(x)
! n=2 !
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Multiply both sides by sin A,,z, where m is a positive integer.

(A1 + By) sin - sin m + Z Ay, sin % m;r:n = ¢(x)sin m;mc

Integrate both sides with respect to x over the domain the PDE is defined.

l
/
Split up the integral into two and move the constants in front of them.

! !
(A1+B1)/051n7781nldm+ZA /Osmmlmsmm;mdx—/¢ sdex

(Al—I—Bl)smesmmﬂx+2Ansmnl smmm] dx—/qﬁ Sinwdw

Since n and m are integers,

U nrx | mmx % n=m
sin —— sin dxr = ,
0 l l

as can be verified with trigonometric identities. If m = 1, then every term in the infinite series is
zero because n is never equal to 1.

! !
m=1: (A1+Bl)/sin7rlxsinmdx— qﬁ(a:)sin?dw
0
(A1 + By) - / o(x sm—dx
2 [t . X
A1+ By = 7 é(x)sin - dx (1)
0

This is one equation for the two unknowns, A; and B;. Now consider the case where m > 2. The
first term on the left is then zero, and every term in the infinite series is zero except for the one
when n = m.

m>2: ZA /51nmsinm7mdx—/¢ smwdaz

/ o(x sin@da:

Therefore,
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In order to use the second initial condition, differentiate the solution for v with respect to ¢.

(1) = 4 A T N V122 — 4x2c2 . T N V122 — Ax2c? ;
A 2 P73 21
B T V122 — 4722 . T r2l2 471'262 Sm—
72 21 P
> VAan2n2c2 — 22 An2m2c2 — 22
+7§2 —g) exp (—ft) Ancos< " 7r20l ! ) + B, s1n< e T t)]
0 An2n2c2 — 122 \/m
—l-nE:Qexp (—ﬂ‘) —A, " 7720l ! sin ( nn ! t>
VAn2m2c2 — r2]2 VAn2m2c? — r2]2 . T
+ B, cos t]|sin—
21 21 l

Now plug in ¢t = 0 and set the result equal to ¥(z).

212 2.2 2712 2.2
ue(,0) Al( Rl il WO (A Gk Gl | B

2 21

2 21

l

Z ( ) A, sin T Z \/4n27r262 —r2? g T _ ()

Multiply both sides by sin A, x, Where m is a positive integer.

r Ar2l2 — 4n2c? r o Ar2l2 — 4x2c? _wx . mTx
Aq 2+T + B _— sstm l

2 21

57 sin —— sin — = 9 (x) sin

< IZRE
+Z( )A sin 2% l sinm;r$+ZBn nemweet —r . nmr . mnx ) m;m:

Integrate both sides with respect to x over the domain the PDE is defined.

/l{/h( T+W>+BI< r W)] _ww . mmz
0

2 21

2 21

S111 —— S1n

l l

+ Z (—g) A, sin —mlm: sin m;ra;
n=2
VAn27n2e2 — r2]2 !
+ ZB — in "% sin m;m dr = / Y () sin mre

dx

S

l

Split up the integral into three and move the constants in front of them.

r /12?2 —4n2c? r o /12?2 — 4An2c? L' qx  omax
AAl-—-+— ) +B | sin — sin
0

2 2 2 2 e

oo l
+ Z (—g) An/ sin ”lﬂ sin m;rm dx
n=2

VANZT22 — 722
—l—ZB i / m@s' dar—/w sin >
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If m = 1, then every term in the infinite series is zero because n is never equal to 1.

r Vr2l?2 — 4n2c2 r Vr2l2 — 4x2c? L oor
Aq <2+21>+B1< 5 m)]/ﬁsmlsmda@—/zb Sln—dm

r r2]2 — Ax2c2 r 722 — Ar2c2 1
(5T s (g Y

r V22 —4n2? r r212 — 472c2
Ay <—2 + 2l> + B (—2 - 57 ) / Y(x sm—dw (2)

This is another equation for the two unknowns, A; and Bj. Solving the system of equations, (1)
and (2), for A; and B gives us

Ny A 2 /!
_(_;_7“%770 l/o¢(x)sin7de+l/()w(m)sin77dx

(_T+¢W>_< r W)

2 21

2 21

V22 — 4222\ 2 ! 9 rl
(—;%—TZ%M l/o qb(x)sinwlxdm—l/o 1p(x)sin%$dm
B, = .

<r+¢m> (7“ W)

2 21

2 21

Simplify these answers.

Pl fr  Vr22 = 4an2e2 T
| [(2+l _ )¢<x>+w<x>] sin " dx

l
Ay =
V12?2 — 4m2c?
l
9 i V1212 — 47202
l/o [(—2 + 7“217Tc> () — w(:c)] sin?dw
B =

Vr2l2 — 4722
l

Therefore,
2 N e
A= \/m/o [(2 * 2l> o) +v(z)| sin = dz
and
G —
b= \/W/ [( 2" 2l> ¢(x) — w(:c)] sin == da.
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Now consider the case where m > 2. The first term on the left is then zero, and every term in the
infinite series is zero except for the ones when n = m.

m>2: Z(fg) An/lsinn?xsinm;acd:v
0

o0
Van2n2c2 — 212 Y nmx . mrx
+ Z B, 5] / S / Y(x sm

1nT —dw—

(—7) A, -+ By sdeac

l VAaAn2m2c2 — 212 ] ! . nmx
2 2 9 :/ (@)
0

Multiply both sides by 2/1.

VARZT2Z — 22 212
(—;)An—l—Bn R /w sin@dm‘

Bring the term with A, to the right side.

An?m2c? —r22 1 2 [ nwT
By, =-A,+ - —
51 3 i /0 ¥ (x) sin ;i dz

Substitute the expression for A,,.

An2a202 — p2]2 9 rl 9 [l
B, nomte” — 1 = r./ ¢(x) sin nre dx—l—l/ P(x) sin DL
0 0

21 2 1 l {

Combine the integrals on the right side.

Van2r2eZ — 22 2 [Lrr nmww
B, 5 = l/o [§¢(x) + 1!1(:3)} sin e dx
Therefore,
4 Ly . nmx
B, = T /0 b(b(x) + 1/1(3:)] sin —— dx, n>2.
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